It is shown that the energy of a mode of a classical chaotic field, following the continuous exponential distribution as a classical random variable, can be uniquely decomposed into a sum of its fractional part and of its integer part. The integer part is a discrete random variable whose distribution is just the Bose distribution yielding the Planck's law of black-body radiation. The fractional part -as we call it -is the "dark part" with a continuous distribution, which is, of course, not observed in the experiments. It is proved that the Planck-Bose distribution is infinitely divisible, and the irreducible decomposition of it is given. The Planck variable can be decomposed into an infinite sum of independent binary random variables representing the "binary photons" -more accurately photo-molecules or multiplets -of energy 2 s hν with s = 0, 1, 2, … . These binary photons follow the Fermi statistics.
Introduction
The concept of energy quanta has long been introduced by Boltzmann [1] in 1877, when he calculated the number of distributions of them among the molecules of an ideal gas being in thermal equilibrium. He considered these discrete indistinguishable energy elements as mere a mathematical tool in his combinatorial analysis, and was able to show that the "permutability measure" found this way can be identified with the entropy. A similar idea was used by Planck [2] in 1900 when he, besides deriving the correct spectrum of black-body radiation, discovered the new universal constant, the elementary quantum of action sec 10 626 . 6 27 ⋅ × = − erg h . The study of black-body radiation has played a crucial role in the development of quantum physics, and still today it is an important element in many branches of investigations (see for instance the analysis of thermal noise in communication channels or the role of the cosmic microwave background radiation played in cosmological physics). One would think that not much new can be said about the nature of black-body radiation which has a well-established theoretical foundation in modern physics. In the present paper we hope to
show that there are still some aspects of this subject which may be worth to explore. Our analysis is not conventional in the sense that it relies exclusively on classical probability theory, and does not use field quantization in the modern sense. In this respect the paper is written in the spirit of the early investigations by Planck, Einstein and others, but the basic results to be presented here are based on modern probability theory, which was born at the beginning of the thirties, so it had not been at disposal at the time of Planck's original investigations. In order to put our results into a proper perspective, we think, it is worth to give a brief overview of the basic facts and ideas concerning the theory of black-body radiation.
Planck expressed the spectral energy density (the fraction of energy per unit volume in the spectral range ) , ( is the Boltzmann constant and T is the absolut temperature. This formula was in complete accord with the precise experimental results by Pringsheim and Lummer [3] , in the short wavelength regime, and by Rubens and Kurlbaum [4] in the long wavelength regime. It is remarkable that, on the basis of the four universal constants c , k , h and G (the latter being Newton's gravitational constant), as Planck realized, it is possible to introduce the natural system of units of length Planck's formula. They say that such a perfect agreement has not been obtained so far in laboratory experiments using artificial black-bodies.
In 1905 Einstein introduced the concept of light quanta (photons) [6] on the basis of a thermodynamical analysis of the entropy of black-body radiation in the Wien limit of Planck's formula,
On passing, we may safely state that all the other later results by Einstein concerning photons were exclusively based on the study of black-body radiation (see e.g. Refs. [7] and [8] ).
Einstein noted in 1907 [7] that the correct average energy ν U of one oscillator obtained by
Planck can be calculated from the Boltzmann distribution by using the replacement 
which otherwise can also be derived from the Planck formula in the limit of large radiation densities, as is indicated after the above equation. Einstein's hypoteses on light quanta received a new support in 1909 by the famous fluctuation formula [8] , which contains both particle-like and wave-like fluctuation of the energy of black-body radiation occupying a subvolume of the Hohlraum. This was the first mathematically precise formulation of the waveparticle duality. After Bohr's atom model had appeared, Einstein showed in 1917 [9] that the Planck formula can be obtained from a "reaction kinetic" consideration in which one takes into account the detailed balance of spontaneous and induced emission and the absorption processes of material systems with discrete energy levels being in thermal equilibrium with the radiation.
In 1910 Debye reconsidered the problem of the spectrum of black-body radiation on a completely different basis [10] , namely he left out of discussion Planck's resonators, and he directly applied the combinatorial analysis and the entropy maximization procedure to the energies of the normal modes themselves, and in this way he was able to derive the correct (Planck) formula. Later Wolfke [11] and Bothe [12] showed that the black-body radiation is equivalent to a mixture of infinitely many thermodinamically independent classical gases consisting of so-called "photo-molecules" (or photo-multiplets) of energies
and so on. This approach and some historical aspects to be outlined shortly below have been discussed in detail in our recent paper [22] .
In 1911 Natanson [13] used again Boltzmann's original method to find the most probable distribution of energy quanta on energy "receptacles" (which may mean either Planck's resonators (or other ponderable material particles) or cavity normal modes (phase-space cells)) and derived the correct equilibrium (Bose) distribution. The same method was rediscovered by Bose 13 years later in his famous derivation of Planck's law of black-body radiation [14] . The new statistics was first applied to an ideal gas by Einstein [15] , and the existence of Bose-Einstein condensation was predicted in [16] . It is interesting to note that Natanson's general formulae obtained by Boltzmann's original method, can directly be applied to particles whose occupation numbers are restricted by the Pauli exlusion principle.
From the point of view of real physical consequences, this case was first studied by Fermi [17] in 1926. An alternative "reaction kinetic" derivation of the Fermi distribution was given one year later by Ornstein and Kramers [18] .
Concerning the general theory of black-body radiation we refer the reader to the classic book by Planck [19] . For further details on the development of the black-body theory and the concept of energy quanta, see Ref. [20] , and, in particular, the very thoroughly written book by Kuhn [21] . In our recent work [22] Planck factor. After all, this conclusion is in accord with Einstein's observation, according to which the integer part of the energy determines the spectrum. In the forthcoming sections we will show that there can be much more said about the division of the Boltzmann distribution, namely, not only at the level of expectation values, but at the level of the distribution itself.
We will show that it is possible to divide this distribution into the product of the distributions of its (irreducible) fractional part and of its integer part, the latter being the Planck-Bose distribution. The Planck-Bose distribution deduced in such a way can be further decomposed into a product of irreducible distributions corresponding to binary variables ("binary photons", as we propose to call them), which have fermionic character. In this way, the original Gauss random variables characterizing the field amplitudes of the black-body radiation (from which we derive the Gauss variable) at a given frequency, are uniqely decomposed into a sum of irreducible variables which cannot be divided any further. We emphasize that throughout the paper we do not need the explicite use of Planck's resonators or any other material agents being in thermal equilibrium with the radiation. We merely assume that the radiation consist of independent modes of spectral mode density ν Z given above, and we consider one of these modes whose (two independent) amplitudes (according to the concept of "molecular disorder" and to the central limit theorem) are assumed to follow the (completely chaotic) Gauss distribution.
In section 2 we derive the Rayleigh-Jeans formula from the central limit theorem of classical probability theory. This section also serves as an introduction of our basic notations and the philosophy of the present paper. In Section 3 and 4 it is shown that the energy of a mode of a classical chaotic field, following the continuous exponential distribution as a classical random variable, can be uniquely decomposed into a sum of its fractional part and of its integer part.
The integer part is a discrete random variable whose distribution is just the Planck-Bose distribution yielding the Planck's law of black-body radiation. The fractional part -as we call it -is the "dark part" with a continuous distribution, is, of course, not observed in the experiments. In Section 5 it is proved that the Planck-Bose distribution is infinitely divisible.
The Planck variable can be decomposed into an infinite sum of independent binary random variables representing the "binary photons" -more accurately photo-molecules or multipletsof energy 2 s hν with s = 0, 1, 2, … . These binary photons follow the Fermi statistics.
Consequently the black-body radiation can be viewed as a mixture of thermodynamically independent fermion gases consisting of binary photons. In section 6 a short summary closes our paper.
Derivation of the Rayleigh-Jeans formula from the central limit theorem
In classical physics the black-body radiation, a radiation being in thermal equilibrium in a
Hohlraum (a cavity with perfectly reflecting walls at absolute temperature T) is considered as a chaotic electromagnetic radiation. The average spatial distribution of such a stationary radiation is homogeneous and isotropic and the electric field strength and the magnetic induction of its spectral components have completely random amplitudes which are built up of infinitely many independent infinitesimal contributions. In this description the electric field strength and the magnetic induction of a mode (characterized by its frequency ν , wave vector and polarization) of the thermal radiation (in a small spatial region) are proportional with the
where c a and s a are independent random variables. According to the central limit theorem of classical probability theory -under quite general conditions satisfied by the otherwise arbitrary distributions of the mentioned infinitesimal amplitude elements -the asympthotic probability distributions of the resultant amplitudes necessarily approach Gaussian distributions expressed by the error function ) (x Φ . The first precise formulation of this theorem is due to Lindenberg [27] . For our purposes here a theorem on the limit behaviour of probability density functions due to Gnedenko suits better (see e. g. Ref. [27] 
go over to Gaussian probability densities in the limit
and a similar relation for the sine component a a sn / . Hence the amplitudes c a and s a in Eq.
(1) may be considered as independent Gaussian random variables, i.e.
The physical meaning of the parameter a can be obtained by requireing that the average spectral energy density ν u be equal to the product of the spectral mode density , the joint probability given by Eq. (4) can be expressed in terms of the new "action-angle variables" (
According to Eq. (5) the energy of each mode of the chaotic field is an exponential (Boltzmann) random variable, and the phases are distributed uniformly.
From the point of view of our analysis, it is crutial to introduce two independent energy parameters 0 ε and ε (containing two different universal constants, namely the Planck constant and the Boltzmann constant) with the help of which we define the dimensionless energy variables and their probability density distributions. 
According to Boltzmann's principle, the entropy η S of a chaotic mode is given as 
of phenomenological thermodynamics (by taking into account that
In this way we have got closer to the physical meaning of the parameter β , namely we have 
In a sub-volume υ of the Hohlraum in the spectral range ) , (
The expression on the right-hand-side of Eq. (12) is formally equivalent to the so-called wavelike fluctuation of the energy of the black-body radiation in Einstein's famous fluctuation formula [8] . Notice that in all the physical results expressed by Eqs. (9), (11) and (12) 
The expectation value ς determines the average energy of the fractional part,
Notice that the by now unknown energy scale parameter does not drop out. From Eqs. (7), (9) and (15) we receive the Planck factor if we substract the expectation value of the fractional part from the expectation value of the Gauss energy
By multiplying with the spectral mode density ν Z we obtain Planck's formula. Since Eq. (17) coincides with the measured spectrum of thermal radiation with an unprecedented accuracy, it is clear that the contribution of the fractional part ς is not measured, so it is justified to call this part the "dark part" of the energy of the chaotic field.
Henceforth we shall call ς the dark variable. It is remarkable that, according to Eq. 
and for zero temperature it goes to zero (
). The entropy of the dark part reads:
From the usual relation
of thermodynamics (by taking into account that
which means that the subsystem characterized byς has the same temperature as η . The fluctuation of the "dark variable" contains both the bosonic particle-like term with "particle energy"
and a wave term which has the same form as in Einstein's fluctuation formula,
Next we prove, that from our formalism not only the correct average energy, Eq. (16), but also the correct energy distribution (photon number distribution) of the radiation comes out.
The Planck-Bose part of the chaotic field
It is known that the exponential distribution (6) -as a special case of the gamma distributionis an infinitely divisible distribution. A random variable η is said to be infinitely divisible if for any natural number n , it can be decomposed into a sum of completely independent random variables having the same distribution: [27] . In this case the characteristic function (which is the Fourier transform of the probability density distribution) is also infinitely divisible [26] , which means that the characteristic function of the sum is a product of the characteristic functions of the summands. The characteristic function of the exponential distribution reads
where the bracket denotes expectation value. It is clear that 
From Eqs. (22) and (23) 
where in the first factor we recognize the chatacteristic function of the Planck-Bose distribution [10] . This way we have found a discrete random variable ξ whose distribution can be easily calculated on the basis of Eq. (24): 
that is
In Eq. (26) n denotes the mean photon occupation number which we have already formally introduced in the last equation of Eq. (20) . According to Eqs. (13), (24) and (26) the total scaled energy η of a chaotic mode of frequency ν can be split into the sum from which Planck' law of black-body radiation follows:
The entropy ξ S of the Planck-Bose distribution can be calculated with the help of 
It can be checked that
with Eq. (21) we have
which means that the Planck-Bose part is in thermal equilibrium with the dark part.The fluctuation formula for a system of oscillators was derived by Laue by using the Planck-Bose distribution Eq. (4). By a simple calculation we obtain
If we identify M ν with the degrees of freedom of the radiation field (with the number of modes) then the physical content of Eq. (11) is the same as that of Einstein's formula.
At the beginning of this section we saw that the Gauss variable η is infinitely divisible. Since one of the components of η , namely the dark variable ς is undecomposable (in an other word, irreducibile) because it has a finite support, the other component ξ , the Planck variable has to be infinitely divisible. In the followings we are going to study this question.
The infinite divisibility of the Planck variable
In the present section we prove that the integer part ] [η ξ = of the scaled energy of the chaotic field, the Planck variable can be decomposed into an infinite sum of binary random variables, which correspond to "fermion photo-molecules" (we will simply call them "binary
have received a hint for this decomposition from the books by Székely [24] and Lukács [25] .
At this point we note that a detailed general analysis can be found on the infinitely divisible random varables in the book by Gnedenko and Kolmogorov [26] .
With the help of the algebraic identity 
From Eqs. (25) and (33) we obtain 
Hence, by a proper choice of the sample (event) space, the random variable ξ can be decomposed into an infinite sum of completely independent variables ,...
which have the binary distributions
One can easily check that the characteristic function of these variables are really the factors of the product Eq. (34) given by Eq. (35). The probabilities in Eq. (37) can be written out in detail as 
In this description the excitation events form a σ -algebra in Kolmogorov sense (see for instance the books by Rényi [27] and Feller [28] . If the original bosonic random variable ξ takes the value n B n = ) ( ξ , then this circumstance corresponds to the event n B , that is, the particular mode of the black-body radiation is excited exactly to the n-th level of energy ν nh .
Since any integer number n can be expanded into a sum of powers of 2 (this is called the dyadic expansion), the bosonic excitations can be uniquely expressed in terms of the binary excitations. For example, if exactly 
By using Eq. (39), the probability of the event 9 B equals 
From Eq. (39) the corresponding probability can simply be calculated
The result, Eq. (43) 
where ρ denotes the density operator of the thermal mode:
From Eq. (45) it is clear that the mutually orthogonal projectors n Π represent the mutually independent events n B . We note that for the compactness of our formulae, we will henceforth sometime use the notation s n 2 ≡ . The expectation value of s u is easily determined from Eq. (37)
According to Eq. (36), the sum of these expectation values, of course, is equal to ξ ( given in Eq. (3.5) ), which can be shown by direct calculation by using Eq. (47),
The expectation value of the energy of the s-th fermion multiplet is
According to Eq. (49), the fermion multiplet gases have zero chemical potential. Their entropies are all binary entropies, which read
where the probabilities have been given in Eq. (37), and s E and s n are defined in Eq. (49). It is useful to have still another form of the entropies, which can be easily summed up,
From Eqs. (50) and (51) it can be proved that the thermodynamic relation
is satisfied as an identity for all s-values. The sum of the entropies of the fermion multiplets is exactly equal to the entropy of the Planck-Bose distribution.
i. e.
Eq. (54) means that the fermion components are thermodynamically independent.
The second expression in Eq. (52) 
The Fermi distribution Eq. (49) can also be obtained by using the reaction kinetic considerations due to Ornstein and Kramers [18] . Let us consider four modes . Because of the dynamical equlibrium, the reversed process can also take part with the same probability per unit time. The rate of these processes
where, of course, we require the energy conservation
to be satisfied. In dynamical equlibrium the two rates Eq. (56) and (57) must be equal, moreover we assume that the transition probabilities of the "direct" and the reversed processes are equal,
Then, by introducing the quantities (62)
Summary
In the present paper we have first given in the introduction a short summary on the early theories on the black-body radiation and quantum statistics, and presented our motivation to study this subject today. We have quoted the original literature on purpose in order to provide the interested reader with the references where original thougths on the concept of quanta first appeared. In Section 2 we have introduced our basic notations and the main approach of our paper based on classical probability theory. For completeness we have outlined the derivation of the chaotic (Gauss) distribution from the central limit theorem for one mode of the blackbody radiation and proved the energy equipartition theorem and the Rayleigh-Jeans law. We have also derived the wave-like fluctuation term of the energy of the chaotic field in a subvolume of a cavity. In Section 3 the construction of the fractional part of the Gauss variable has been carried out. We call the random variable so obtained, the "dark variable" which is already an undecomposable (irreducible) random variable of finite support. We have seen that the average energy of the "dark part" approaches from below the zero-point energy as we let the absolut temperature going to infinity. In Section 4 we have derived the well-known Planck-Bose distribution of the Planck variable which has been proved to be the integer part of the Gauss variable. Here we have also proved that the dark part and the Planck part are thermodynamically independent, since their entropy simply add to yield the entropy of the Gauss variable belonging to one spectral component of the chaotic field. In Section 5 it has been shown that the Planck-Bose distribution is infinitely divisible, and the Planck variable can be decomposed into an infinite sum of independent binary random variables representing the "binary photons". These binary photons follow the Fermi statistics, which has been derive in two other different ways, too. It has been proved that each spectral components of the black-body radiation can be viewed as a mixture of thermodynamically independent fermion gases consisting of binary photons. In this way we have presented a unique irreducible decomposition of the Gauss variable into a sum of one dark variable and the infinite assembly of binary variables. In this section we have also considered a simple example to illustrate the dyadic expansion of ordinary photon excitations in terms of the binary photon excitations. We note that the above analysis may give a hint to consider quantum events in some cases as "ordinary events" in the Kolmogorov sense. Of course, we have not been able to discuss interference of events in terms of classical random variables. We have merely applied the σ -algebra for the events appearing at the act of measurement (when the projection onto a photon number state happens). Hence our analysis is limited to describe incoherent excitations which is, on the other hand, just relevant in the case of black-body radiation. At this point let us mention that there has been an extensive study developing on the quantum Gauss distributions which has been rececently discussed in details for instance by Wolf et al. [30] . These Gauss distributions are in fact Wigner functions with a Hilbert space backgroun of quantum states.
Nevertheless, as we have seen in Section 5 , the quantum excitations discussed by us can be represented by a classical σ -algebra yielding the same results as the application of the usual quantum projectors.
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